Abstruct-Adaptive beamforming techniques are now widely used to reject interference Uammerklutter) signals in radar, communication, and sonar applications. In adaptive arrays using the sample matrix inversion (SMI) algorithm, inadequate estimation of the covariance matrix results in adaptive antenna patterns with high sidelobes and distorted mainbeams. In this paper, a method is proposed to precisely control the peak (rather than average) sidelobe level of adapted array patterns. The proposed method is also generalized to adaptive array antennas with moderate bandwidth and large random amplitude and phase errors. Theoretical analysis and simulation results are provided to illustrate the performance of the method proposed.
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I. INTRODUCTION N adaptive-array antenna adjusts its element weightings
A so as to null out interference signals while maintaining a beam in the desired signal direction. The weights are adjusted so as to minimize the output noise power residue. In practice, the external noise environment is not known a priori, and the weights must be estimated from a finite set of samples on the input channels. Thus, the weights will have perturbations about the optimal (steady-state) weight settings. As a result, the transient adapted antenna patterns suffer much distortion (high sidelobes and distorted mainbeams), which is not allowed in many applications because distorted mainbeams would degrade tracking performance, and high sidelobes would result in a rise of false alarm probability due to a bad protection against modest (pulse) interference sources and strong undesired sidelobe target sources.
In [ 11, a partial adaptive technique with low sidelobe eigenvector constraints was proposed to solve the above problem, the principle of which is somewhat similar to that of adaptiveadaptive arrays in [ 2 ] . A much simpler and more effective method named "diagonal loading" or "noise rejection" was suggested to remedy the antenna pattern distortion in [l] , [3], and [4] . So far, the loading value has been chosen by simulation or empirical experience, and little has been done about how to determine the diagonal loading value according to the peak sidelobe level desired, even in the case of no array errors (amplitude and phase mismatch).
The normalized relationship among array errors and peak sidelobe levels was first developed in [5] the weights in adaptive arrays vary dynamically with the interfering environment, and they are complicated nonlinear functions of random data samples. In this paper, we extend the results in [5] to adaptive arrays, and propose a method to determine the diagonal loading value according to the peak sidelobe level desired (PSLD) and the variance of existing array errors (or the variance of tolerable array errors). The proposed method applies to array antennas with moderate bandwidth as well.
ARRAY PATTERN DISTORTION AND REMEDIES
Consider a uniform linear array composed of N elements. Let K be the number of independent samples (or snapshots) used to generate the covariance matrix estimate using the SMI algorithm employed in adaptive array antenna theory. The estimated covariance matrix R is defined by
where X ( k ) is a complex sample vector of length N , and "H" denotes the complex conjugate transpose operation. The solution to a minimum variance distortionless response (MVDR) beamformer with single linear constraint is given by
where W is the adaptive weight vector, p is a constant, and S, ("q" represents "quiescent") is the weighted quiescent steering vector defined by (6) where L is the positive loading value and I represents the identity matrix.
Now (5) becomes
If L is not too large, then for eigenvalues associated with strong interference sources, (A, shows that diagonal loading has relatively little effect on the interference rejection performance, while the perturbation component of antenna patterns is greatly reduced.
Diagonal loading can be thought of as adding small omidirectional false jammers to the R matrix for purposes of adaptive weight computation, and "suppression" of these false jammers results in a much lower sidelobe level.
For large eigenvalues corresponding to interference sources, if the interference direction is close to the beam-pointing angle, a, tends to be large. In this case, pattern distortion occurs even when there are no estimation errors. However, diagonal loading cannot remedy this kind of pattern distortion because before and after diagonal loading, a, is unchanged.
There is another reason for pattern distortion, i.e., random array errors. However, it must be pointed out that diagonal loading does not work in this case, and the standard deviation of array errors determines an upper limit of attainable peak sidelobe level, as will be discussed in Section IV.
In the presence of array errors, the array manifold vector can be written as s(e) = P, . S(0) (8) where
SA, is the amplitude error and 4, the phase error in the nth channel which are assumed to be zero mean independent random variables with standard deviation OA and 04, respectively.
For small errors, (1 + SA,)eJ6" M (1 + SA,)(^ + j4,) M 1 + SA, + j4,, P, can be rewritten as
where
ALTERNATIVE REPRESENTATION OF DIAGONAL LOADING
An alternative representation of diagonal loading is considered by replacing the single point constraint with a soft constraint as follows:
where EO is a small positive value which satisfies EO < 1 (to guarantee a nonzero solution). Next, we prove that (1 1) can be used to control the sidelobe level of adapted antenna patterns.
Denote the average level (in the sidelobe region) of the random perturbed beam after adaptation corresponding to some array error sample as where R represents the sidelobe region, , ! i l is the length of Equation (14) shows that so long as E O is sufficiently small, it can be guaranteed that the average level in the sidelobe region of the random perturbed beam after adaptation does not exceed some desired value.
Using the Lagrange multiplier method, it can be found that the solution to (10) pubject to the soft constraint (1 1) is
and the loading value satisfies the following equation:
After some simple mathematical manipulation, (16) can be transformed to
Since f ( L ) is a monotonically decreasing function with respect to variable L, the loading value can be obtained using fast algorithms such as the bisection root-finding method. The computational load can also be shared by many processors such as that in space-time adaptive processing [6] .
From (15) it can be seen that the soft constraint (1 1) plays the role of diagonal loading.
Set p = 2 in (12), then E[Q] reflects the average level of the random perturbed beam in the whole angular domain (including mainlobe and sidelobe region). It can be easily deduced that Equation (18) shows that E[Q] decreases monotonically as L becomes large. In the limit, as L t CO, E[Q] t 0, and WL t S,. This limit is the special case where the adaptive beamformer degenerates to a conventional beamformer with fixed weight settings.
Iv. CON'IROL OF TRANSIENT PEAK SIDELOBE LEVEL
In this section, we will discuss how to determine the value of related to some PSLD for the case of no array errors, and further results will be given in Section V for the case when array errors exist.
The limitations of array errors on the peak sidelobe level were discussed in [5] for nonadaptive arrays. From [5] it can be deduced that a level for peak sidelobes not to exceed with a confidence probability 99.9% is given by The adaptive weights computed using finite sampled data are random variables, and we can only analyze the distribution of peak sidelobes with statistics method. One approach is to treat the difference between adaptive and quiescent weights as array errors modeled by (8) and (9) and then extend the above results to adaptive arrays. However, it must be pointed out that this difference (or perturbation) is caused by the interference environment and the estimation errors due to insufficient samples, not by array errors. It is this difference that results in pattern distortion.
In the form of perturbation errors added to the quiescent weight vector, we can write the adaptive weight vector given by (15) as follows:
where the subscript "a" denotes "adaptive," D, and C , are all diagonal matrices, and vectors D,S, and C a s , represent the mean and random parts of the weight perturbation vector, respectively. In detail 
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Using (22) 
, N ) ,
using the same argument as used in [5] , it can be deduced that 0; -I S : N 0. So, we obtain the following relationship:
From (31) it can be argued that o2 is generally less than or equal to the left part of (38) so Denote
The main beam radiation amplitude is equal to Ro with a probability of unity, and the sidelobe level is defined as 
From (42), we obtain the relationship between EO and PSLD (43) 11 + 101g Ilsqll'
Assumptions (40) and (41) imply that the equivalent array errors of adaptive weights (Can + Dan) ( n = 1, 2, . . . , N )
are independent random variables with zero means. Generally speaking, the above two assumptions are, more often than not, violated because the adaptive weight vector must satisfy a constraint equation (11) and the equivalent array errors are correlated random variables with nonzero means. However, 00 seems to be an approachable upper bound for cr. Using (43), we can still control the peak sidelobe level very accurately, as can be seen from Section VI. (49) implies that if the array-error stanqard deviation O A and e# are known a priori, then EO can be directly obtained according to (49); if O A and e4 are not known in advance, a value of EO with desired tolerance ability for array errors can also be determined from (49). Equation (49) also indicates that the standard deviation of array errors determines the upper limit of attainable sidelobe level, and diagonal loading cannot remedy the pattern distortion due to array errors.
VI. SIMULATION RESULTS
In this section, some computer simulation results are provided in Figs. 1-5 to demonstrate the performance of the method proposed. Unless otherwise stated, N = 32, K = 64, the quiescent array pattern takes -40-dB Chebyshev weights, two jammers impinge on the array with incident angles 81 = 60" and 82 = 120°, the single channel jammer-to-noise-ratio (JNR) is 60 dB for each jammer (i.e., JNRl = JNRz = 60 dB), the beam pointing angle 00 = 90", and the samples for both array errors and noise vary from trial to trial. Fig. 1 gives a comparison of adaptive antenna patterns before and after diagonal loading based on 100 trials. In Fig. 1 , U A = 0 4 = 0%, PSLD = -30 dB. Fig. l(a) shows the results before diagonal loading from which it can be seen that although two deep nulls are formed in the jammer direction, both the mainlobe and sidelobe patterns suffer much distortion, the peak sidelobe level rises up to -5 dB (35 dB higher than the designed sidelobe level for the quiescent patterns). Fig. l(b) plots the adaptive antenna patterns using the diagonal loading method proposed in this paper. It can be noted from Fig. l(b) that the peak sidelobe level is controlled accurately
The standard deviations e,, ey, and eZy with respect to ( d / X ) cos 8 are depicted in Fig. 2 , they are all normalized to eo [given by (36)], and 10000 trials are carried out. From Fig. 2 it can be observed that U= N uy 5 CO, czU N 0. Unlike the results given by [ 5 ] , cz and cy vary rapidly with respect to ( d / X ) cos 8, and they reach the minimum value in the jammer directions. This phenomena is not difficult to explain.
Using the above estimates of oz, my, and ezy in (35) we can obtain the cumulative probability of R' being less than SL to PSLD (-30 dB). Fig. 3 , Curves A and B represent the results of SL = -30 dB and SL = -33 dB, respectively. The mainlobe region is not considered and the corresponding P(R' < SL) is set to zero. Fig. 3 illustrates the accuracy of the PSLD control method given in this paper.
Figs. 4 and 5 consider the effect of both array errors and covariance matrix estimation errors, g~ = F+ = 10% (06 = 10% means F+ = 0.1 radians). Fig. 4(a) plots the quiescent antenna patterns (100 trials) in the presence of array errors, as predicted by (19), the limited peak sidelobe level is about -22 dB. Fig. 4(b) shows the adaptive antenna patterns (100 trials) using (17) and (49) to determine the diagonal loading value, PSLD = -20 dB. In Fig. 4(b) , the margin of PSLD to the limited value is only -2 dB, however, the proposed method still works well.
In Fig. 5 , we consider the disperse effects and apply the proposed method to the case of moderate bandwidth ( B / f o = lo%), all other parameters are the same as that in Fig. 4 . The results confirm the effectiveness of the proposed method once more.
Up to now, we have not considered the effects of diagonal loading on the interference rejection performance. Generally speaking, as PSLD becomes lower, L gets larger, and the loss of interference rejection performance becomes larger. Diagonal loading would make the nulls corresponding to weak interference sources become shallow, but the retention of low sidelobes can also effectively suppress these weak sources. As long as the system DOF (degrees-of-freedom) exceeds the DOF of interfering sources, the loss of suppression performance is trivial.
VII. CONCLUSION
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In this paper, we have proposed an effective method to control the peak sidelobe level in adaptive arrays. The method applies to various situations such as array errors, moderate bandwidth. Some limitations of diagonal loading are pointed out. We have also successfully extended the proposed method to space-time adaptive processing for airborne phased-array radar to remedy the array pattern distortion due to uncorrelated array errors in each subarray, correlated array errors among subarrays (or channel mismatch errors), and estimation errors [6] . In this case, the computational requirement of computing diagonal loading value is shared among many identical processors corresponding to different Doppler channels. Further results will be given in a later paper.
